Probability Distributions

Examples of Tasks from
CCSS Edition Course 2, Unit 8

Getting Started

The tasks below are selected with the intent of presenting key ideas and skills. Not every answer is
complete, so that teachers can still assign these questions and expect students to finish the tasks. If you
are working with your student on homework, please use these solutions with the intention of increasing
student understanding and independence. A list of questions to use as you work together, prepared in
English and Spanish, is available. Encourage students to refer to their class notes and Math Toolkit entries
for assistance. Comments in red type are not part of the solution.

As you read these selected homework tasks and solutions, you will notice that some very sophisticated
communication skills are expected. Students develop these over time. This is the standard for which to
strive. See Research on Communication.

The Statistics and Probability page might help you follow the conceptual development of the ideas you
see in these examples.

Main Mathematical Goals for Unit 8
Upon completion of this unit, students should be able to:

* interpret and compute conditional probabilities.

* use the Multiplication Rule to find P(A and B), when events A and B are independent and when
they are not independent.

e compute the expected value (mean) of a probability distribution.

e identify waiting-time situations and construct waiting-time (geometric) distributions.

What Solutions are Available?
Lesson 1: Investigation 1 —Applications Task 1 (p. 536), Connections Task 9 (p. 539),

Extensions Task 19 (p. 542), Review Task 22 (p. 543)

Investigation 2— Applications Task 3 (p. 537), Reflections Task 16 (p. 541),
Review Task 25 (p. 543), Review Task 26 (p. 543)

Investigation 3— Applications Task 6 (p. 538), Connections Task 12 (p. 540),
Reflections Task 17 (p. 541), Extensions Task 21 (p. 542),
Review Task 28 (p. 544)

Lesson 2: Investigation 1 — Applications Task 2 (p. 552), Connections Task 8 (p. 554),
Review Task 19 (p. 559), Review Task 20 (p. 559),
Review Task 21 (p. 559)
Investigation 2— Applications Task 4 (p. 552), Connections Task 9 (p. 555),
Connections Task 10 (p. 555), Extensions Task 17 (p. 557),
Extensions Task 18 (p. 558), Review Task 24 (p. 559)
Lesson 3: Investigation 1 — Applications Task 2 (p. 574), Connections Task 9 (p. 577)
Investigation 2— Applications Task 3 (p. 574), Applications Task 6 (p. 575),
Connections Task 10 (p. 577), Extensions Task 22 (p. 582)
Investigation 3— Applications Task 7 (p. 576), Connections Task 13 (p. 578),
Reflections Task 20 (p. 580), Extensions Task 23 (p. 583)
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Probability Distributions

Selected Homework Tasks and Expected Solutions

(These solutions are for tasks in the CCSS Edition book.
For homework tasks in books with earlier copyright dates, see Helping with Homework.)

Lesson 1, Investigation 1, Applications Task 1 (p. 536)

a. Suppose the stems were at 10 o’clock on the back tire Front Tire
and 3 o’clock on the front tire, as in the photo. Then, 1 2 3 4 5 6 7 8 9 1011 12

from the diagram at the right, the probability is ﬁ .

b. P(back tire is in same position and front tire is in same

—_

position) = P(back tire is in same position) « P(front
tire is in same position) = (%N%’ = ﬁ .

c. The computations in Parts a and b assume that the tires
rotate independently. This is a reasonable assumption,
although some students may believe otherwise. To
verify this, students could note the position of the
stems on each of the two tires on one side of a car and
see if the valve stems are at the same relative positions
after a trip. This should be done many times and with
various cars. Note that if the tires rotate exactly
together, the probability is % ; they both will return to
the same hour.

Back Tire
o (o) oo ~N (o)) w N w N

—_

]

_ .
N =

d. Most students usually think that the man should have been issued a ticket. In the actual trial, the judge
said that 1 chance in 144 was reasonable doubt and the man was acquitted.

Lesson 1, Investigation 1, Connections Task 9 (p. 539)

a. There are three paths through the tree that give two girls and a boy: GGB, GBG, and BGG. Their
probabilities are (0.49)(0.49)(0.51), (0.49)(0.51)(0.49), and (0.51)(0.49)(0.49). The probability of two
girls and a boy is 3(0.49)2(0.51), or approximately 0.367.

E
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4

E

3

-4

]
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$123456 123456 123456 123456 123456 123456
w

The probability of getting the same number twice is 3—66

¢, d. To be completed by the student.
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Lesson 1, Investigation 1, Extensions Task 19 (p. 542)

To have the disease, the baby of two parents must inherit one “disease” gene from the mother and one from

1
900

are carriers, the probability that the baby inherits the disease gene from each of them is (% )( % ’ = % .

the father. The probability that the baby is the child of two carriers is ‘% )( 31—0’ = . If both parents

Thus, the probability the baby has two parents who are both carriers and gets the gene from both of them is

[sto ] = 36
900 [\ 4]~ 3,600 -
Here is an alternative way to look at it: The probability that the mother is a carrier is 31—0 , and the

probability that a carrier passes on the disease gene is % . So, the probability that the baby gets a disease

gene from the mother is (% )( % ) = % . The probability is the same for the father. The probability that
1

3,600 -

This computation assumes that the parents select each other independently of whether the other person

carries the disease gene.

the baby gets a disease gene from both parents is ‘& )( %’ =

Lesson 1, Investigation 1, Review Task 22 (p. 543)
a. t=6
b. d=0ord=2

c. x=10g592+3=5.77
d. x:6orx:—%

e. x=0,x=-2,0orx=5

Lesson 1, Investigation 2, Applications Task 3 (p. 537)

1

a. P(cardis an ace) = giz ,Or {3

P(card is a heart | card is an ace) = 1

4
16

P(card is an ace or card is a heart) = 5

The remainder of the task is to be completed by the student.

Lesson 1, Investigation 2, Reflections Task 16 (p. 541)
Independent. As students often say, “The dice don’t remember.”
b. Independent

c. Probably not independent. It may well be that a person who puts catsup directly on fries just likes to
pour liquids on top of things and so may be more likely than other people to put shampoo directly on
his or her head.

d—f. To be completed by the student.
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Probability Distributions

Lesson 1, Investigation 2, Review Task 25 (p. 543)
a. x-8)(x+4)

b. x+9)x-2)

¢,d. To be completed by the student.

Lesson 1, Investigation 2, Review Task 26 (p. 543)

a. Responses may vary. One option is to assign 0 to “Strongly Disagree,” 1 to “Disagree,” and so on, up
to 4 for “Strongly Agree.” In this rating system, a higher number indicates greater satisfaction with
the recreational/educational experience.

b. Responses will depend on the system described in Part a. For the numerical ratings we described, the
mean response is gg}? = 3.46. Using the rating scale from O to 4, on average, people rated their

experience a 3.46. So, it is safe to conclude that, on average, the people were satisfied.

C.

Strongly Disagree 60 0.021
Disagree 26 0.009
Neither Agree nor Disagree 71 0.025
Agree 1,065 0.379
Strongly Agree 1,589 0.565

The mean response is 0.021(0) + 0.009(1) + 0.025(2) + 0.379(3) + 0.565(4) = 3.46. This should be the
same as the answer in Part b.

Lesson 1, Investigation 3, Applications Task 6 (p. 538)

iy = 80 8. Do I = 115 23.
a. P(junior) = 150 * °F 15 ; P(has drl\6/(e)r s lzcle;se) = 1509 3p
P(junior | has driver’s license) = 115 °°F 23
P(has driver’s license | junior) = % , or % .
b. Being a junior and having a driver’s license are not independent events because P(junior) = % = %

is not quite equal to P(junior | has driver’s license) = % = % . They are not mutually exclusive

events because there are 60 students who are both juniors and have a driver’s license.

¢,d. To be completed by the student.

Lesson 1, Investigation 3, Connections Task 12 (p. 540)

a. The right half of the large square, formed by the two stacked smaller squares on the right, represents
the event that the first number is greater than 0.5, regardless of what the second may be. The upper

half ... .

1

b. &
c¢. To be completed by the student.
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Lesson 1, Investigation 3, Reflections Task 17 (p. 541)

No. If A and B are mutually exclusive and you know that A happened, you know that the probability that
B also happened is 0. That is, knowing that A happened changes your estimate of the probability that B
happened, so A and B cannot be independent.

Formally, if A and B are mutually exclusive, then P(B | A) = 0. If they were independent also, then
P(B) = P(B | A) =0, but B is supposed to have nonzero probability.

Lesson 1, Investigation 3, Extensions Task 21 (p. 542)

a. There is only one way to fill in this table, keeping
the marginal totals unchanged, because P(A and B) =

P(A) « P(B) = % . % = ﬁ . So, the entry in the

top-left cell must be 4.

ERTTIET

4 36 40
6 54 60
Total 10 90 100

b, ¢, e. To be completed by the student.

d. There are many ways to do this. Any table except the one in Part a will work.

Lesson 1, Investigation 3, Review Task 28 (p. 544)
a. T= % , where T is the time to fill the empty tanker and r is the rate of filling.

b. 85= & k=680; The tanker holds 680 gallons.
c¢. To be completed by the student.

Lesson 2, Investigation 1, Applications Task 2 (p. 552)
a. 7($4,047) = $28,329

$28,329 _
b. 100 = $283.29

Lesson 2, Investigation 1, Connections Task 8 (p. 554)
a. 6rand will give the first coordinate; 6rand will give the second coordinate.

b—e. To be completed by the student.

Lesson 2, Investigation 1, Review Task 19 (p. 559)
a—c. To be completed by the student.
d. About $3,561

e. Between 64 and 65 months
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Lesson 2, Investigation 1, Review Task 20 (p. 559)

4 _ 1
a. %—9
3 _ 1
b. 36 =12

¢,d. To be completed by the student.

Lesson 2, Investigation 1, Review Task 21 (p. 559)
a, b, d. To be completed by the student.
c. —54x59

Lesson 2, Investigation 2, Applications Task 4 (p. 552)
a. Rain: 14(0.4) = 5.6 days

No rain: 14(0.6) = 8.4 days. Alternatively, 14 — 5.6 = 8.4 days.

b. Yes. Although you expect 10 days of rain, you know you will not always get exactly that many. It is

like flipping a fair coin 20 times. You would not be surprised at all to get 9 heads.

Lesson 2, Investigation 2, Connections Task 9 (p. 555)

a. In the chart for the octahedral dice below, the sum for each cell is included in parentheses.

Number on Second Die

1 2 3 4 5 6 8

171,12 | 1,23 1,34 | 1,4(5) | 1,5(6)  1,6(7)  1,7(8) @ 1,8(9
w2 210) | 2,24 | 2,3(5  24(6)  25(7) 268 279 280
?7, 3 31(4)  3,2(5 | 3,3(6)  3,4(7) | 3,58 @ 3,6(9 |3,7(10)  3,8(11)
i-E 4 4,1(5 @ 4,2(6)  43(7) 4408 4509 4610 47(011) 4,8(12)
o
55 51(6)  52(7) | 530 | 54(9) 55(10) 5611 57(12)  58(13
'§ 6 61(7) | 62(8) | 63(9 | 64(10)|6,5(11) | 6,6(12) | 6,7(13)  6,8(14
27 721@ | 7,200 7,300 7,401 7,5(12) 7,6(13) 7,7(14)  7,8(15

8 81(9 |82(10) | 83(11) 84(12) 85(13) 8,6(14) 8,7(15 8,8(16
4(5(6|7|8|9(10({1M|12|13|14 (15|16

b—f. To be completed by the student.

- L _ 1
g. y——(nz’l(n+1) xl+
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Lesson 2, Investigation 2, Connections Task 10 (p. 555)
a. SxeP@=3xeL=1yy
b. i. X Px)=1

i X2 P = Y or 15

¢,d. To be completed by the student.

Lesson 2, Investigation 2, Extensions Task 17 (p. 557)

Double Dare

a.
m Probability | (Number)(Probability)
2

$15 2 $300

$0 8 $0.00
10 )

Total 10 $300

10

b. The expected value for this game is $3, but the price to play is only $1.

c. The game will lose an average of $2 per play in the long run. Either a less expensive prize must be
given, or the group must charge more than $3 to play the game. Allowing the player to pick only one

number reduces the probability of winning to % , but the game will still lose money.

Lesson 2, Investigation 2, Extensions Task 18 (p. 558)

Note that this procedure is quickly implemented using the list functions of the calculator or using a
spreadsheet to calculate.

a. The EVis 3.12 and the standard deviation is about 1.25.

b-d. To be completed by the student.
Lesson 2, Investigation 2, Review Task 24 (p. 559)

a—c. To be completed by the student.
d. fl)=-3 x+2)x-4)
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Lesson 3, Investigation 1, Applications Task 2 (p. 574)

a. The first few lines of your table should be:

Circulation of Pennies from Your Birth Year

Years Since Nu;;\l;(ta:;:)f::tn:fles Number of Pennies
Your Birth . . Still Left in Circulation
Circulation
0 — 10,000,000,000
1 600,000,000 9.400,000,000
2 564,000,000 8,836,000,000
3 530,160,000 8,305,840,000

b, c. To be completed by the student.
d. Estimates should be approximately 16.7 years but will vary depending on the length of the table.

e. About 11 years

Lesson 3, Investigation 1, Connections Task 9 (p. 577)

a. 7 A
2
§561
i
2 $ 6 51 °
ESH
25% 41 ?
gm:i °
£ eZ 31 [}
3‘"5 °
%3,22- °
w29 [} °
ER AR T
=
o T L] L] T L] L] T L] T T L] T L]
o 1 2 3 4 5 6 7 8 9 10 11 12 13

Number of Rolls to Get Doubles

b. The best algebraic model will be an exponential equation. The exponential equation that passes
X
through these points is y = 7.2(% ' ,wherex=1,2,3, ... .

c. To be completed by the student.

Lesson 3, Investigation 2, Applications Task 3 (p. 574)

a. Simulations may vary. For example, a simulation might use a calculator to generate integers 1
through 52 (through a command such as randint(1,52). Let the integers 1 though 13 represent hearts.
Count the number of integers until an integer in the interval 1 through 13 appears.

Alternatively, students could also use the random digit table and let 1 represent a heart. Digits 2,
3, and 4 could represent the other suits and then students can ignore all other digits. Start at a random
place on the table and count the number of digits (1 to 4) until a 1 appears.
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b. For the first simulation, after “drawing” the first card and finding it not to be a heart, one card is gone
from the deck. So, to draw the second card, students should use randint(1,51). But, the integers 1
through 13 will always represent a heart. The third draw will be simulated using randiInt(1,50), and so
on. If the student used only 4 digits, he or she will have to totally redesign their simulation.

c—f. To be completed by the student.

Lesson 3, Investigation 2, Applications Task 6 (p. 575)
a,e. To be completed by the student.

b. P(x)=(0.55)~1(0.45)

c. 0.0412

d. P(5 or more) =0.0915. Students should show work with their answer.

Lesson 3, Investigation 2, Connections Task 10 (p. 577)
a. PA)=(3 )4(%) ~0.080

b, d,f. To be completed by the student.

c. PAIB)={

e. P(Aand B)=0.080

Lesson 3, Investigation 2, Extensions Task 22 (p. 582)
ol 1) Ta ) (T

0.3333...
b. i. 3)1.0000...

ii. By the definition of place value, 0.03, for example, is equal to 3 Thus, % =033333... =

100
3 3 3 3 3
10 T 100 * 1,000 T 10000 * 100000 T

biii, ¢, d. To be completed by the student.
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Lesson 3, Investigation 3, Applications Task 7 (p. 576)

a.
Milligrams of Medicine
Leaving the Blood
0 0
1 140.00 260.00

91.00 169.00
5915

Milligrams of Medicine
Left in the Blood

b. The first two columns define a waiting-time distribution that is much like the others such as the
waiting time to get doubles. There is a difference, however. The medicine does not leave the blood all
at once at the end of 1 hour. This is a continuous process. The medicine leaves gradually throughout
the hour. Further, there is no randomness or probability in this situation.

¢,d. To be completed by the student.

Lesson 3, Investigation 3, Connections Task 13 (p. 578)

a. Solve the equation 6.5 = % for p. Multiplying both sides by p gives 6.5p = 1. Finally, dividing both
sides by 6.5 gives p = % =0.154.

b. Solve the quadratic equation (1 — p)p = 0.24 for p. The two solutions are 0.6 and 0.4. So, either 60%
or 40% of the marbles in the bag are green.

Lesson 3, Investigation 3, Reflections Task 20 (p. 580)

None of the three is a correct interpretation. For example, suppose that 100 people are flipping a coin until
heads lands face up. Since p = 0.5 in this case, the EV is % ,or 2. But, we expect 50 people to get heads
on the first flip and 25 to get heads on the second flip for a total of 75 people on or before the EV.
Therefore, neither the first nor the third statement holds. The “most likely” time to wait is one flip
because more people got heads on their first flip than got heads on any other flip. So, the second

statement does not hold either.
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Lesson 3, Investigation 3, Extensions Task 23 (p. 583)

a. L3S=3|1+ 0+ L+ g+
SS=%+%+%+%+
SS=1+%+$+%+.
Subtract S from 3S:
3S:1+%+%+%+..
25=1 S0,8= 1.

aii,b. To be completed by the student.
2 3
-1 1[5, 1(5 1{5
e s=g+glal 3+ 613)

2 3
6o_ 1,1 1[5), 1(s5P, (5}, .
?S—5+6+6(6’+6(6)+6(6)+ ’

Subtracting the first equation from the second gives %S = % ,s08 =1.
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